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coordinates the walls are mapped into revolution paraboloids.
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Domain walls are objects formed in the early stages of the evolution of the
Universe [1] and have been studied intensively in the past decade or so, mainly
because of their notable implications to Cosmology [2]. The first analytic
solution of a domain wall with plane symmetry1 was found by Vilenkin in
1983 [6]. Since then, this solution has been studied by several authors, among
them are Gibbons [7] and Wang and Letelier [8], mainly concerning the global
structure of the spacetime. Despite of its simplicity, the solution exhibits a
very rich global structure. In particular, in each of the three spatial directions
there is a horizon. In the direction perpendicular to the wall the horizon is
not stable against the perturbations of null fluids [8] and massless scalar fields
[9]. In 1984, on the other hand, Ipser and Sikivie [10] found all the planar
domain wall solutions that connect two flat regions.
In the existing literature, it is usually believed that those planar domain
walls do not really have plane symmetry but spherical one. This belief is
mainly due to the early studies of domain walls [10]. In fact, it was showed
that “In Minkowski coordinates, this planar domain wall is not a plane at all,
but rather an accelerated sphere”. This conclusion was also reached in [11]:
“In each case the wall is bent into a closed surface enveloping the original z >
0 side of the wall”, and used quite recently in [12] to study the gravitational
1Here we use the definition for plane symmetry originally given by Taub [3]. That is,
the symmetric plane has three Killing vectors, two represent the translation symmetry and
one represents the rotation. Recently, this definition was generalized to a more general
case [4, 5].
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radiation of planar domain walls.
However, it is well-known that a plane has no one-to-one mapping to a
spherical surface. So, it is very curious to see how a planar domain wall is bent
into a bubble. In Ref. [8], by considering the analytic maximum extension
of the spacetime, it was argued that the geometry of a planar domain wall
is a plane. In this short Comment, we shall stress the same argument but in
a different direction, and show that in the Minkowski coordinates a planar
domain wall is mapped into a revolution paraboloid, instead of a spherically
symmetric bubble.
Before proceeding, we would like first to clarify the following concepts:
First, when we talk about the geometry of a wall, we mean the geometry
of the space-like two-surface of the wall. Second, the Nambu action for a
domain wall [2] is defined in a (2+1)-dimensional hypersurface (or a tube),
which represents the whole history of the evolution of the wall. Bearing the
above in mind, let us consider the Vilenkin domain wall solution
ds2 = e−k|z|{dt2 − dz2 − ekt(dx2 + dy2)}, (1)
where k is a positive constant, and the range of the coordinates is −∞ <
t, z, x, y < +∞. The coordinates will be numbered as {xµ} = {t, z, x, y}, (µ =
0, 1, 2, 3). The corresponding energy-momentum tensor is given by T µν =
2k{1, 0,−1,−1}δ(z). Thus, it represents a planar domain wall with support
only on the hypersurface z = 0. The wall has the plane symmetry charac-
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terized by the three Killing vectors ∂x, ∂y, and y∂x − x∂y , which act on the
two-dimensional surfaces t, z constant.
Using Cartan scalar techniques [13], we were able to show that besides
these three Killing vectors the spacetime has other three. Indeed, the non-
zero Cartan scalars2 for the metric (1) are
Φ11′ = −2Φ00′ = −2Φ22′ = −Λ = −
1
4
k2δ(z),
∇Φ11′ = −∇Φ22′ = 3∇Φ33′ = −3∇Φ00′ =
−2
3
∇λ00′ =
2
3
∇λ11′ = −
√
2
12
k3δ′(z),
(2)
where δ(z) denotes the Dirac delta function and δ′(z) its derivative. Outside
the hypersurface z = 0, all Cartan scalars vanish, therefore, in this region
the spacetime is locally flat. Otherwise, from this set of Cartan scalars, one
finds that the metric is Segre type [(1,11)1] and its isotropy group is SO(2,1),
which is three dimensional, leading to three Killing vectors (one of them is
the spatial rotation y∂x − x∂y on the plane of symmetry). Since z is the
only coordinate appearing on the Cartan scalars, z = Const. are three di-
mensional homogeneous hypersurfaces, leading to other three Killing vectors
(two of them are the translations ∂x and ∂y on the plane of symmetry). Thus,
the spacetime has six Killing vectors which act on the (2 + 1)-hypersurfaces
2 The Cartan scalars are basically the components of the Riemann tensor and its covari-
ant derivatives calculated in a constant frame providing a complete local characterization
of spacetimes [14, 15]. Spinor components are used and the relevant objects here are the
Ricci spinor ΦAB′ , the curvature scalar λ and its first symmetrized covariant derivatives
∇ΦAB′ and ∇λAB′ . sheep and classi [16, 17] were used in the calculations.
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z constant. Three of them, ∂x, ∂y and x∂y − y∂x act on the 2-dimensional
surfaces t, z constant. Because these (2 + 1)-hypersurfaces are time-like, a
time-like Killing vector must exist. Thus, the spacetime is at least station-
ary. In fact, it is locally static, as can be seen by performing the following
coordinate transformations
t = t¯+ α ln
[
(α2−ρ2)1/2
α2
]
,
x = α
2ρe−t¯/α
(α2−ρ2)1/2 cos φ,
y = α
2ρe−t¯/α
(α2−ρ2)1/2 sin φ,
(3)
where α ≡ 2/k. In terms of t¯, ρ and φ, the metric (1) takes the form
ds2 = e−k|z|{f(ρ)dt¯2 − f−1(ρ)dρ2 − ρ2dφ2 − dz2}, (4)
where
f(ρ) = 1−
ρ2
α2
, (5)
and −∞ < t¯, z < +∞, 0 ≤ ρ < α and 0 ≤ φ ≤ 2pi, which covers part of the
spacetime (1). It should be stressed that although the solution is static in
the above domain, globally it is not, as Gibbons pointed out in a different
way [7].
To study the geometry of the wall, following Ref. [10] (see also Ref. [7]),
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let us make the following coordinate transformations
T = e
−kz/2
4k
{
k2(x2 + y2)e−kz/2 + 8 sinh
(
kt
2
)}
,
Z = e
−kz/2
4k
{
k2(x2 + y2)e−kz/2 − 8 cosh
(
kt
2
)}
,
X = ek(t−z)/2x, Y = ek(t−z)/2y,
(6)
or inversely
t = 2
k
ln
[
T−Z
(R2−T 2)1/2
]
, z = 2
k
ln
[
2
k(R2−T 2)1/2
]
,
x = 2X
k(T−Z) , y =
2Y
k(T−Z) ,
(7)
in the region z ≥ 0, where R2 ≡ X2 + Y 2 + Z2. Replacing z by −z in the
above equations, we will get the coordinate transformations in the region
z ≤ 0. Because of the reflection symmetry, without loss of generality, we
shall focus our attention in the region z ≥ 0.
In terms of T,X, Y, and Z, the metric (1) becomes ds2 = dT 2 − dX2 −
dY 2 − dZ2 in the region z ≥ 0, which has the Minkowski form. Thus, we
shall refer the coordinates T,X, Y, and Z to as the Minkowski coordinates.
From Eq.(6), on the other hand, we find that the two-dimensional surfaces
t = Const., say, t = t0, and z = 0 are given by
X2 + Y 2 + Z2 − T 2 =
4
k2
, (8)
T − Z =
2
k
et0k/2. (9)
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Thus, we have
X2 + Y 2 =
4et0k/2
k
{
2
k
cosh
(
t0k
2
)
+ Z
}
, (10)
which represents a revolution paraboloid. Therefore, the planar wall looks
like a revolution paraboloid in the Minkowski coordinates, instead of a spher-
ically symmetric bubble [10, 11]. Because of the reflection symmetry, we will
have the same conclusion when we are working in the region z ≤ 0.
On the other hand, that the planar wall is not a bubble can be also
stressed by considering the Killing vectors. Let us first assume that the wall
is a spherically symmetric bubble in the Minkowski coordinates. Then, we
know that in this coordinate system the three Killing vectors that define the
spherical symmetry are
ξ(1) = Y
∂
∂X
−X
∂
∂Y
= y
∂
∂x
− x
∂
∂y
,
ξ(2) = Z
∂
∂Y
− Y
∂
∂Z
=
e−kt
4k
{
4kyekt
∂
∂t
− 2k2xyekt
∂
∂x
−
[
k2(y2 − x2)ekt + 4(1 + ekt)
] ∂
∂y
}
,
ξ(3) = Z
∂
∂X
−X
∂
∂Z
=
e−kt
4k
{
4kxekt
∂
∂t
− 2k2xyekt
∂
∂y
−
[
k2(x2 − y2)ekt + 4(1 + ekt)
] ∂
∂x
}
.
From the above expressions it is clear that only the Killing vector ξ(1) acts on
the 2-dimensional space-like surface, t = Const. and z = 0, of the wall, and
7
ξ(2) and ξ(3) act outside this surface. This contradicts to our assumption, since
if the wall has spherically symmetry, then the above three Killing vectors
should act on it. Therefore, it is concluded that the geometry of the Vilenkin
planar domain wall is plane, on which the three Killing vectors ∂x, ∂y, and
y∂x − x∂y act.
All the solutions, which represent infinitely thin domain walls connecting
two flat regions, were given in Ref. [10]. By a similar consideration, one can
show that all these walls have the same topological structure as the Vilenkin
wall. Moreover, this is also true for the Goetz domain wall with non-zero
thickness [20, 21].
Recently, Cveticˇ and cor-workers [22] carried out a detailed study of the
topology of domain walls, including the planar ones. In particular, it was
shown that the only geodesically complete (2 + 1)-dimesional spacetime z =
Const. is the one whose two-dimensional spatial surfaces, t, z = Const. have
positive curvature, which means that the geometry of the wall in that case is
a compact bubble. On the other hand, from the Vilenkin solution (1) we can
see that the hypersurfaces z = Const. are the (2 + 1)-dimensional de Sitter
space written in a coordinate system in which it is geodesically incomplete,
and that , as a result, the Vilenkin planar domain wall looks like a revolution
paraboloid in the four-dimensional Minkowski space rather than a bubble.
In Ref. [12], using the conclusions obtained in Refs. [10] and [11], that all
planar domain walls are actually bubbles, the gravitational radiation of a wall
was studied. In particular, it was found that to the first-order approximation
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the wall does not emit gravitational waves. As we know, it is much easier for
an object with plane symmetry to emit gravitational waves than for one with
spherical symmetry. So, it would be very interesting to consider the problem
directly in the coordinates of Eq.(1). It is most likely that the situation
will be different and the final results will support the earlier speculations of
Vachaspati, Everett and Vilenkin [23].
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